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COHOMOLOGICAL DIMENSION AND RELATIVE COHEN-MACULAYNESS
KAMRAN DIVAANI-AAZAR, AKRAM GHANBARI DOUST, MASSOUD TOUSI
AND
HOSSEIN ZAKERI
Abstract. Let R be a commutative Noetherian (not necessary local) ring with identity and a
be a proper ideal of R. We introduce a notion of a-relative system of parameters and characterize
them by using the notion of cohomological dimension. Also, we present a criterion of relative
Cohen-Macaulay modules via relative system of parameters.
1. Introduction
Throughout, the word ring stands for commutative Noetherian rings with identity. Consider
the following naturally-raised questions:
Question 1.1. Let a be a proper ideal of a ring R, M a finitely generated R-module and c =
cd(a,M). Is there a sequence x1, x2, . . . , xc of elements in a such that
cd
(
a,M/〈x1, x2, . . . , xi〉M
)
= c− i
for every i = 1, 2, . . . , c? If yes, how can we characterize such sequences?
Let R be a ring, a an ideal of R and M a finitely generated R-module with M 6= aM . Then
M is said to be a-relative Cohen-Macaulay, a-RCM, if grade(a,M) = cd(a,M). This notion was
introduced by Majid Rahro Zargar and the fourth author in [RZ2] and its study was continued
in [Ra1], [Ra2], [Ra3], [RZ1] and [CH]. Relative Cohen-Macaulay bigraded modules were already
introduced and investigated by Ahad Rahimi; see [R] and [JR]. Also, the closely related notion of
cohomologically complete intersection ideals was examined by Michael Hellus and Peter Schenzel
in [HS].
Question 1.2. Over a local ring T, a finitely generated T -module N is Cohen-Macaulay if and only
if every system of parameters of N is an N -regular sequence. Is there an analogue characterization
for a-relative Cohen-Macaulay R-modules?
This paper is dealing with the above questions. Although these questions don’t look so related
in the beginning, surprisingly, they become connected through a notion of relative system of
parameters. Here, we introduce this notion and through investigation of its properties, we answer
the above questions.
Let c := cd(a,M) denote the cohomological dimension ofM with respect to a; i.e. the supermum
of the integers i for which Hia(M) 6= 0. Recall that when R is local with the unique maximal ideal
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m and dimRM = d, a sequence x1, x2, . . . , xd ∈ m is called a system of parameters of M if the
R-module M/〈x1, x2, . . . , xd〉M has finite length. This is equivalent to say that
Rad
(
〈x1, x2, . . . , xd〉+AnnRM
)
= Rad (m+AnnRM) .
We call a sequence x1, x2, . . . , xc ∈ a an a-relative system of parameters, a-Rs.o.p, of M if
Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
= Rad (a+AnnRM) .
System of parameters appear in many contexts. Especially, Monomial Conjecture on system of
parameters of local rings stands for decades until recently solved by Yves Andre´; see [An]. Although
over a local ring every finitely generated R-module possesses a system of parameters, this is not
the case for a-relative systems of parameters. It is immediate that R admits an a-relative system
of parameters if and only if ara(a) = cd(a, R). Let K be a field. For a square-free monomial ideal
a of a polynomial ring R = K[x1, . . . , xn], it is known that cd(a, R) = pdR
R
a
; see [Ly, Theorem 1].
Characterizing monomial ideals a satisfying ara(a) = pdR
R
a
has been an active area of research
for years; see e.g. [Ba1], [Ba2] and [SV].
Assume that a is contained in the Jacobson radical of R andM possesses an a-Rs.o.p. We prove
that a sequence x = x1, x2, . . . , xc ∈ a is a-relative system of parameters of M if and only if
cd
(
a,M/〈x1, x2, . . . , xi〉M
)
= c− i
for every 1 ≤ i ≤ c; see Theorem 2.7. Also, we show that M is a-relative Cohen-Macaulay if and
only if every a-relative system of parameters of M is an M -regular sequence if and only if there
exists an a-relative system of parameters of M which is an M -regular sequence; see Theorem 3.3.
These two results yields that if M is a-RCM and x = x1, x2, . . . , xc ∈ a is an a-Rs.o.p of M , then
M/〈x1, x2, . . . , xi〉M is a-RCM for every i = 1, . . . , c; see Corollary 3.5.
2. Question 1.1
Theorem 2.7 is the main result of this paper. To prove it, we need Lemmas 2.3, 2.4, 2.5 and 2.6.
We begin by recalling some needed definitions.
Let a be an ideal of R and M a finitely generated R-module. Recall that the arithmetic rank of
a, denoted by ara (a), is the least number of elements of R required to generate an ideal with the
same radical as a. Among other things, this paper deals with the local cohomology modules
Hia (M) := lim−→
n∈N
ExtiR
(
R/an,M
)
; i ∈ N0.
If b is another ideal of R such that the ideals a + AnnRM and b + AnnRM have the same
radical, then the Independence Theorem [BS, Theorem 4.2.1] yields a natural R-isomorphism
Hia (M)
∼= Hib (M) for all i ∈ N0. One easily sees that cd (a,M) = −∞ if and only if M = aM . On
the other hand, [BS, Corollary 3.3.3] implies that cd (a,M) ≤ ara (a). In the case (R,m) is a local
ring, it is known that ara (m) = dimR = cd (m, R).
Definition 2.1. Let M be a finitely generated R-module and a an ideal of R with M 6= aM .
i) Let c = cd (a,M). A sequence x1, x2, . . . , xc ∈ a is called a-relative system of parameters,
a-Rs.o.p, of M if
Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
= Rad (a+AnnRM) .
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ii) Arithmetic rank of a with respect toM , ara (a,M), is defined as the infimum of the integers
n ∈ N0 such that there exist x1, x2, . . . , xn ∈ R satisfying
Rad
(
〈x1, x2, . . . , xn〉+AnnRM
)
= Rad (a+AnnRM) .
Clearly if x1, x2, . . . , xc ∈ R is an a-Rs.o.p ofM , then for all t1, . . . , tc ∈ N, every permutation of
xt11 , . . . , x
tc
c is also an a-Rs.o.p ofM . One may easily check that cd (a,M) ≤ ara (a,M). Obviously,
ara (a, R) = ara (a).
Our first result provides a characterization for existence of relative system of parameters. Al-
though it is an easy observation, we include its proof for the reader’s convenience.
Lemma 2.2. Let M be a finitely generated R-module and a an ideal of R with M 6= aM . Then a
contains an a-Rs.o.p of M if and only if ara (a,M) = cd (a,M).
Proof. Set c := cd (a,M). Let x1, x2, . . . , xc ∈ a be an a-Rs.o.p of M . Then
Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
= Rad (a+AnnRM) ,
and so ara (a,M) ≤ c ≤ ara (a,M). Thus ara (a,M) = c.
Next, suppose that ara (a,M) = cd (a,M). Hence, there are y1, y2, . . . , yc in R such that
Rad
(
〈y1, . . . , yc〉+AnnRM
)
= Rad (a+AnnRM) .
There is n ∈ N such that yni ∈ a + AnnRM for every 1 ≤ i ≤ c. So for each 1 ≤ i ≤ c, there are
zi ∈ a and wi ∈ AnnRM such that y
n
i = zi + wi. Now,
Rad
(
〈z1, z2, . . . , zc〉+AnnRM
)
= Rad (a+AnnRM) ,
and so z1, z2, . . . , zc ∈ a is an a-Rs.o.p of M . 
This note is also concerned with the special case of the notion of generalized fractions. This
notion is described as follows: Let x1, . . . , xn be a sequence of elements of R and M an R-module.
Set
U :=
{(
xα11 , . . . , x
αn
n
)
|α1, . . . , αn ∈ N
}
.
Then U leads to a module of generalized fractions U−nM :
For every r, s ∈M and
(
xα11 , . . . , x
αn
n
)
,
(
xβ11 , . . . , x
βn
n
)
∈ U , we write
(
r,
(
xα11 , . . . , x
αn
n
))
∼
(
s,
(
xβ11 , . . . , x
βn
n
))
if there exist integers δi ≥ max{αi, βi}; i = 1, . . . , n such that
xδ1−α11 . . . x
δn−αn
n r − x
δ1−β1
1 . . . x
δn−βn
n s ∈ 〈x
δ1
1 , . . . , x
δn−1
n−1 〉M.
It is easy to verify that ∼ is an equivalence relation on M × U . Then the equivalence class of an
element
(
r,
(
xα11 , . . . , x
αn
n
))
is denoted by r
(xα11 ,...,x
αn
n )
and we let U−nM stand for the set of all
equivalence classes of ∼. With naturally defined sum and scalar multiplication, U−nM forms an
R-module. It is easy to see that r
(xα11 ,...,x
αn
n )
∈ U−nM is zero if and only if there exists an integer
δ ≥ max{α1, . . . , αn} such that x
δ−α1
1 . . . x
δ−αn
n r ∈ 〈x
δ
1, . . . , x
δ
n−1〉M . For more details see [SZ].
The next result is very crucial in this paper and may also have applications in other contexts.
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Lemma 2.3. Let a = 〈x1, . . . , xd〉 be an ideal of R and M a finitely generated R-module. Then
for every i = 1, . . . , d, one has the following exact sequence
Hd−ia
(
M
〈x1, . . . , xi−1, xi〉M
)
→ Hd−i+1a
(
M
〈x1, . . . , xi−1〉M
)
xi−→ Hd−i+1a
(
M
〈x1, . . . , xi−1〉M
)
→ 0.
In particular, there is an exact sequence
Hd−1a
(
M/x1M
)
−→ Hda (M)
x1−→ Hda (M) −→ 0.
Proof. We first prove the last assertion. Denote M/x1M by M and let − : M −→ M be the
natural epimorphism. Set
U :=
{(
xα11 , x
α2
2 , . . . , x
αd
d , 1
)
| α1, . . . , αd ∈ N
}
and
V :=
{(
xα22 , x
α3
3 , . . . , x
αd
d , 1
)
| α2, . . . , αd ∈ N
}
.
Then, by [KSZ, Remark 2.2], Hda (M)
∼= U−d−1M and Hd−1a
(
M
)
∼= V −dM . Define
ϕ : V −dM −→ U−d−1M
by
ϕ

 r(
xα22 , x
α3
3 , . . . , x
αd
d , 1
)

 = r(
x1, x
α2
2 , . . . , x
αd
d , 1
)
and let ψ : U−d−1M −→ U−d−1M denote the map defined by multiplication by x1. It suffices to
show that the sequence
V −dM
ϕ
−→ U−d−1M
ψ
−→ U−d−1M −→ 0
is exact. Let z = r(
x
α1
1
,...,x
αd
d
,1
) ∈ U−d−1M . Then z = x1r(
x
α1+1
1
,x
α2
2
,...,x
αd
d
,1
) , and so ψ is surjective.
Clearly, imϕ ⊆ kerψ. Now, let ψ (z) = 0. Then, there is an integer δ ≥ max{α1, . . . , αd} such
that xδ−α11 . . . x
δ−αd
d x1r ∈ 〈x
δ
1, . . . , x
δ
d〉M . Hence,
xδ+1−α11 x
δ−α2
2 . . . x
δ−αd
d r =
d∑
i=1
xδi ri,
where r1, . . . , rd ∈M . This yields that
z = r(
x
α1
1
,...,x
αd
d
,1
)
=
x
δ+1−α1
1
x
δ−α2
2
...x
δ−αd
d
r(
xδ+1
1
,xδ
2
,...,xδ
d
,1
)
=
d∑
i=1
xδ
i
ri(
xδ+1
1
,xδ
2
,...,xδ
d
,1
)
=
xδ1r1(
xδ+1
1
,xδ
2
,...,xδ
d
,1
)
= r1
(x1,xδ2,...,xδd,1)
= ϕ
(
r1
(xδ2,xδ3,...,xδd,1)
)
.
So, kerψ ⊆ imϕ. This completes the proof of the last assertion.
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Now, we show the first assertion. Set N := M/〈x1, ..., xi−1〉M . Then by using the same
argument as above, we have the following exact sequence
Hd−i
b
(
N/xiN
)
−→ Hd−i+1
b
(N)
xi−→ Hd−i+1
b
(N) −→ 0,
where b := 〈xi, xi+1, . . . , xd〉. This yields our claim. 
Lemma 2.4. Let M be a finitely generated R-module and a an ideal of R with M 6= aM . Let c :=
cd (a,M) and x = x1, x2, . . . , xc ∈ a be an a-Rs.o.p of M . Then for every 0 ≤ i ≤ c, the sequence
xi+1, xi+2, . . . , xc forms an a-Rs.o.p of M/〈x1, x2, . . . , xi〉M , and so cd
(
a,M/〈x1, x2, . . . , xi〉M
)
=
c− i.
Proof. We do induction on i. The case i = 0 holds trivially. Next, assume that i > 0 and
the claim holds for i − 1. Set M := M/〈x1, x2, . . . , xi−1〉M . Then, by the induction hypothesis,
cd
(
a,M
)
= c− i+ 1. As
Rad (a+AnnRM) = Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
,
Lemma 2.3 yields the exact sequence:
Hc−i
a
(
M/xiM
)
→ Hc−i+1
a
(
M
)
xi−→ Hc−i+1
a
(
M
)
→ 0.
Since Hc−i+1a
(
M
)
is a-torsion and xi ∈ a, each element of H
c−i+1
a
(
M
)
is annihilated by some
power of xi. Hence, as H
c−i+1
a
(
M
)
is nonzero, the map
Hc−i+1
a
(
M
)
xi−→ Hc−i+1
a
(
M
)
is not injective. So, Hc−ia
(
M/xiM
)
6= 0. Consequently,
c− i ≤ cd
(
a,M/xiM
)
= cd
(
a,M/〈x1, x2, . . . , xi〉M
)
.
Now, one has the following display of equalities:
Rad
(
a+AnnR
(
M/〈x1, x2, . . . , xi〉M
))
= Rad
(
a+
(
〈x1, x2, . . . , xi〉+AnnRM
))
= Rad (a+AnnRM)
= Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
= Rad
(
〈xi+1, . . . , xc〉+
(
〈x1, x2, . . . , xi〉+AnnRM
))
= Rad
(
〈xi+1, . . . , xc〉+AnnR
(
M/〈x1, x2, . . . , xi〉M
))
.
So, ara
(
a,M/〈x1, x2, . . . , xi〉M
)
≤ c− i. Thus
ara
(
a,M/〈x1, x2, . . . , xi〉M
)
= cd
(
a,M/〈x1, x2, . . . , xi〉M
)
= c− i,
and the sequence xi+1, xi+2, . . . , xc is an a-Rs.o.p of M/〈x1, x2, . . . , xi〉M . 
Let a be an ideal of R and M,N two finitely generated R-modules such that SuppRN ⊆
SuppRM . Then, by [DNT, Theorem 2.2], cd(a, N) ≤ cd(a,M). In particular if SuppRN =
SuppRM , then cd(a, N) = cd(a,M). In the rest of the paper, we shall use this several times
without any further comment.
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Lemma 2.5. Let a be an ideal of R which is contained in the Jacobson radical of R and x an
element of a. Assume that M is a nonzero finitely generated R-module with ara (a,M) = 1. If
H1a
(
M/xM
)
= 0, then Rad (a+AnnRM) = Rad
(
〈x〉 +AnnRM
)
.
Proof. SetM :=M/xM and assume that H1a
(
M
)
= 0. As a is contained in the Jacobson radical
of R, it follows that M 6= aM , and so cd
(
a,M
)
≥ 0. Since H1
a
(
M
)
= 0 and ara (a,M) = 1, one
deduces that cd
(
a,M
)
= 0. Set T := R/
(
〈x〉 +AnnRM
)
. Then cd (a, T ) = cd
(
a,M
)
= 0.
There is y ∈ R such that
Rad (a+AnnRM) = Rad
(
〈y〉+AnnRM
)
.
So, Hi
a
(T ) = Hi〈y〉 (T ) for every i ≥ 0. We may and do choose y in a. By [BS, Remark 2.2.20],
there is the following exact sequence
0 −→ H0〈y〉 (T ) −→ T −→ Ty −→ H
1
〈y〉 (T ) −→ 0,
which implies that the natural map θ : T −→ Ty is surjective. In particular, there is t ∈ T such
that t1T =
1T
y
, and so yn (yt− 1T ) = 0T for some n ∈ N. As yt belongs to the Jacobson radical of
T , yt− 1T is a unite in T , and so it follows that y
n ∈ 〈x〉+AnnRM . Thus,
Rad (a+AnnRM) = Rad
(
〈x〉+AnnRM
)
.

A special case of the next result has already been proved by Michael Hellus; see [He2] and [He1,
Remark 1.2].
Lemma 2.6. Let a be a proper ideal of R and M a nonzero finitely generated R-module. Let n ∈ N
be such that cd (a,M) ≤ n and x1, . . . , xn ∈ a. Consider the following conditions:
i) Rad
(
〈x1 . . . , xn〉+AnnRM
)
= Rad (a+AnnRM).
ii) The map Hn−i+1a
(
M/〈x1 . . . , xi−1〉M
) xi−→ Hn−i+1a (M/〈x1 . . . , xi−1〉M) is surjective for
all i = 1, . . . , n.
Then i) implies ii). Furthermore if a is contained in the Jacobson radical of R, then i) and ii) are
equivalent.
Proof. i)⇒ii) It follows by Lemma 2.3.
ii)⇒i) We do induction on n. Assume that n = 1. Since
Rad
(
〈x1〉+AnnRM
)
⊆ Rad (a+AnnRM) ,
it suffices to show that
V
(
〈x1〉+AnnRM
)
⊆ V (a+AnnRM) .
Let p ∈ V
(
〈x1〉+AnnRM
)
. Then p ∈ SuppRM . Set T := R/AnnRM . Then
cd (aT, T ) = cd (a,M) ≤ 1.
So, H1
a
(−) is a right exact endofunctor on the category of T -modules and T -homomorphisms. By
the assumption, the map H1
a
(M)
x1−→ H1
a
(M) is surjective. Now, we have the following display of
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R-isomorphisms:
H1
a
(M)⊗R R/p ∼= H
1
aT (M)⊗T T/pT
∼=
(
H1aT (T )⊗T M
)
⊗T T/pT
∼= H1aT (T )⊗T M/pM
∼= H1aT
(
M/pM
)
∼= H1a
(
M/pM
)
.
This shows that the natural map
H1
a
(
M/pM
) x1−→ H1
a
(
M/pM
)
is surjective. But x1 ∈ p, and so the above map is zero. Thus, H
1
a
(
M/pM
)
= 0. Since a is
contained in the Jacobson radical of R and p ∈ SuppRM , it turns out that M/pM 6= a
(
M/pM
)
,
and so Γa
(
M/pM
)
6= 0. One has
Rad
(
AnnR
(
M/pM
))
= Rad (p+AnnRM) = p,
and so SuppR
(
M/pM
)
= SuppR
(
R/p
)
. This implies that
cd
(
a, R/p
)
= cd
(
a,M/pM
)
= 0.
Hence Γa
(
R/p
)
6= 0, which implies that a ⊆ p, and so p ∈ V (a+AnnRM).
Next, assume that n > 1 and the case n− 1 is settled. Set M :=M/x1M . As
cd
(
a,M/ (0 :M x1)
)
≤ cd (a,M) ≤ n,
applying the functor Hn
a
(−) on the exact sequence
0 −→M/ (0 :M x1)
x1−→M −→M −→ 0
yields that Hna
(
M
)
is a quotient of Hna (M). So, the map H
n
a
(
M
)
x1−→ Hna
(
M
)
is surjective. But
this map is zero, and so Hn
a
(
M
)
= 0. Thus, cd
(
a,M
)
≤ n− 1. Since
Hn−i+1a
(
M
〈x1 . . . , xi−1〉M
)
= H(n−1)−(i−1)+1a
(
M
〈x2, . . . , xi−1〉M
)
,
by the induction hypothesis
Rad
(
〈x2, . . . , xn〉+AnnR
(
M
))
= Rad
(
a+AnnR
(
M
))
.
Now by the argument given in the second paragraph of the proof of Lemma 2.4, we deduce that
Rad
(
〈x1, . . . , xn〉+AnnR (M)
)
= Rad
(
a+AnnR (M)
)
.

Now, we are ready to present the main result of this paper.
Theorem 2.7. Let a be an ideal of R which is contained in the Jacobson radical of R and M a
nonzero finitely generated R-module. Assume that c := cd (a,M) = ara (a,M) and x1, . . . , xc ∈ a.
Then the following are equivalent:
i) x1, . . . , xc is an a-Rs.o.p of M .
ii) The map Hc−i+1
a
(
M/〈x1, . . . , xi−1〉M
) xi−→ Hc−i+1
a
(
M/〈x1, . . . , xi−1〉M
)
is surjective for
all i = 1, . . . , c.
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iii) cd
(
a,M/〈x1, x2, . . . , xi〉M
)
= c− i for every i = 1, 2, . . . , c.
Proof. For c = 0, there is nothing to prove. So, in the rest of the argument, we assume that c ≥ 1.
i)⇔ii) and i)⇒iii) are immediate by Lemmas 2.6 and 2.4; respectively.
iii)⇒i) We do induction on c. Suppose that c = 1 and set M := M/x1M . Then ara (a,M) = 1
and H1a
(
M
)
(iii)
= 0. So, Lemma 2.5 implies that
Rad (a+AnnRM) = Rad
(
〈x1〉+AnnRM
)
.
Thus x1 is an a-Rs.o.p of M . Next, suppose that c > 1 and the claim holds for c − 1. One has
cd
(
a,M
)
(iii)
= c− 1 and, for each 2 ≤ i ≤ c,
cd
(
a, M
〈x2,x3,...,xi〉M
)
= cd
(
a, M〈x1,x2,...,xi〉M
)
(iii)
= cd (a,M)− i
= cd (a,M)− 1− (i− 1)
(iii)
= cd
(
a,M
)
− (i− 1) .
Hence by the induction hypothesis, the sequence x2, x3, . . . , xc forms an a-Rs.o.p of M . Thus
Rad
(
a+AnnRM
)
= Rad
(
〈x2, x3, . . . , xc〉+AnnRM
)
,
which implies that
Rad (a+AnnRM) = Rad
(
〈x1, x2, . . . , xc〉+AnnRM
)
.
Therefore, x1, . . . , xc is an a-Rs.o.p of M . 
Next, we record the following immediate conclusion which may be interesting in its own right.
Corollary 2.8. Let (R,m) be a local ring, M a d-dimensional nonzero finitely generated R-module
and x1, . . . , xd ∈ m. Then the following are equivalent:
i) x1, . . . , xd is a system of parameters of M .
ii) The map Hd−i+1
m
(
M/〈x1, . . . , xi−1〉M
) xi−→ Hd−i+1
m
(
M/〈x1, . . . , xi−1〉M
)
is surjective for
all i = 1, . . . , d.
Let (R,m) be a local ring. Next, we will mention two results for system of parameters that their
analogues don’t hold for relative system of parameters; see Example 2.9.
First: Every R-regular sequence is a part of a system of parameters of R.
Second: Let M be a maximal Cohen-Maculay R-module and A be a square matrix of size n
with entries in R. Let x1, x2, . . . , xn be a system of parameters of M and y1, y2, . . . , yn ∈ m be
such that [y1, y2, . . . , yn]
T = A[x1, x2, . . . , xn]
T . Then by [DR, Theorem], y1, y2, . . . , yn is a system
of parameters of M if and only if the map induced by multiplication by det A from M/〈x〉M to
M/〈y〉M is injective.
Example 2.9. Let K be a field, R = K[[x, z]] and a = 〈x〉. Then ara (a) = cd (a, R) = 1. Set
y := zx. Then
i) One has y ∈ a \ ZR (R) and x /∈ Rad
(
〈y〉
)
. Hence, H1
a
(
R
〈y〉
)
6= 0 by Lemma 2.5. So, by
Lemma 2.4, y is not an a-Rs.o.p of R.
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ii) The natural map R/〈x〉
z
−→ R/〈y〉 is injective, x is an a-Rs.o.p of R and [y] = [z][x], while
y is not an a-Rs.o.p of R.
3. Question 1.2
Our main result in this section is Theorem 3.3. To prove it, we need the following lemma.
Lemma 3.1. Let a = 〈x1, . . . , xn〉 be an ideal of R and M a finitely generated R-module with
aM 6=M . Set g := grade (a,M). Then
i) a can be generated by elements y1, . . . , yn such that yi1 , . . . , yih forms anM -regular sequence
for all i1, . . . , ih with 1 ≤ i1 < · · · < ih ≤ n, h ≤ g.
ii) If a is contained in the Jacobson radical of R and g = n, then x1, . . . , xn forms an M -
regular sequence.
Proof. i) Follows by [Ka, Theorem 125 (b)].
ii) Follows by [Ka, Theorem 129]. 
Here is the right place to bring the following immediate corollary of Lemma 2.2.
Corollary 3.2. Let M be a finitely generated R-module and a an ideal of R with M 6= aM . Then
the following are equivalent:
i) M is a-RCM and it possesses an a-Rs.o.p.
ii) grade (a,M) = ara (a,M).
Proof. It is clear by Lemma 2.2 and the inequality grade (a,M) ≤ cd (a,M) ≤ ara (a,M). 
Theorem 3.3. Let M be a finitely generated R-module and a an ideal of R with ara (a,M) =
cd (a,M). Consider the following conditions:
i) M is a-RCM.
ii) Every a-Rs.o.p of M is an M -regular sequence.
iii) There exists an a-Rs.o.p of M which is an M -regular sequence.
Then i) and iii) are equivalent. Furthermore if a is contained in the Jacobson radical of R, all three
conditions are equivalent.
Proof. Set c := cd (a,M).
i)⇒iii) Let y1, y2, . . . , yc ∈ a be an a-Rs.o.p of M and set J := 〈y1, y2, . . . , yc〉. Then
Rad (J +AnnRM) = Rad (a+AnnRM) ,
and so
grade (J,M) = grade (a,M) = c.
By Lemma 3.1 i), there exist x1, x2, . . . , xc ∈ R which forms an M -regular sequence and J =
〈x1, x2, . . . , xc〉. Now, x1, x2, . . . , xc is our desired a-Rs.o.p of M .
iii)⇒i) Let z = z1, . . . , zc ∈ a be an a-Rs.o.p of M which is an M -regular sequence. Then
ara (a,M) ≤ c ≤ grade (a,M) ≤ ara (a,M) .
So, M is a-RCM by Corollary 3.2.
ii)⇒iii) It is obvious.
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i)⇒ii) Let z = z1, z2, . . . , zc ∈ a be an a-Rs.o.p of R and set J := 〈z1, z2, . . . , zc〉. Then
Rad (J +AnnRM) = Rad (a+AnnRM) ,
and so
grade (J,M) = grade (J +AnnRM,M)
= grade (a+AnnRM,M)
= grade (a,M)
= c.
Thus Lemma 3.1 ii) yields that z is an M -regular sequence. 
The following example shows that in Theorem 3.3, the assumption that a is contained in the
Jacobson radical of R is necessary.
Example 3.4. Let K be a field. Consider the ring R = K[x, y, z] and let a = 〈x, y, z〉. It is clear
that R is a-RCM. We can see that a = 〈y (1− x) , z (1− x) , x〉, so that y (1− x) , z (1− x) , x is an
a-Rs.o.p of R. But y (1− x) , z (1− x) , x is not an R-regular sequence.
Next, we record the following corollary of Theorem 3.3.
Corollary 3.5. Let a be an ideal of R which is contained in the Jacobson radical of R. Let M be
an a-RCM R-module and x = x1, x2, . . . , xc ∈ a an a-Rs.o.p of M . Then M/〈x1, x2, . . . , xi〉M is
a-RCM for every i = 1, . . . , c.
Proof. Set M :=M/〈x1, x2, . . . , xi〉M . By Theorem 3.3, x1, x2, . . . , xc is an M -regular sequence,
and so xi+1, xi+2, . . . , xc is anM -regular sequence. On the other hand, by Lemma 2.4, the sequence
xi+1, xi+2, . . . , xc is an a-Rs.o.p of M . Applying Theorem 3.3 again implies that M is a-RCM. 
Acknowledgement . The authors thank Sara Saeedi Madani for introducing them to the refer-
ences [Ba1], [Ba2] and [SV].
References
[An] Y. Andre, La conjecture du facteur direct, Publ. Math. Inst. Hautes E´tudes Sci., 127(1), (2018), 71-93.
[Ba1] M. Barile, A generalization of a lemma by Schmitt and Vogel, Tokyo J. Math., 32(2), (2009), 435-440.
[Ba2] M. Barile, On the arithmetical rank of the edge ideals of forests, Comm. Algebra, 36(12), (2008), 4678-4703.
[BS] M. Brodmann and R.Y. Sharp, Local cohomology: An algebraic introduction with geometric applications,
Second edition. Cambridge Studies in Advanced Mathematics, 136, Cambridge University Press, Cambridge,
2013.
[CH] O. Celikbas and H. Holm, Equivalences from tilting theory and commutative algebra from the adjoint functor
point of view, New York J. Math., 23, (2017), 1697-1721.
[DNT] K. Divaani-Aazar, R. Naghipour and M. Tousi, Cohomological dimension of certain algebraic varieties, Proc.
Amer. Math. Soc., 130(12), (2002), 3537-3544.
[DR] S. Dutta and P. Roberts, A characterization of systems of parameters, Proc. Amer. Math. Soc., 124(3), (1996),
671-675.
[He1] M. Hellus, Matlis duals of top local cohomology modules and the arithmetic rank of an ideal, Comm. Algebra,
35(4), (2007), 1421-1432.
[He2] M. Hellus, On the associated primes of Matlis duals of top local cohomology modules, Comm. Algebra, 33(11),
(2005), 3997-4009.
[HS] M. Hellus and P. Schenzel, On cohomologically complete intersections, J. Algebra, 320
COHOMOLOGICAL DIMENSION AND RELATIVE COHEN-MACULAYNESS 11
[JR] M. Jahangiri and A. Rahimi, Relative Cohen-Macaulayness and relative unmixedness of bigraded modules, J.
Commut. Algebra, 4(4), (2012), 551-575.
[Ka] I. Kaplansky, Commutative rings, Revised edition, The University of Chicago Press, Chicago, Ill.-London,
1974.
[KSZ] K. Khashyarmanaesh, Sh. Salarian and H. Zakeri, On the flat dimension of certain modules of generalized
fractions, Math. J. Toyama Univ., 20, (1997), 79-90.
[Ly] G. Lyubeznik, On the local cohomology modules Hia (R) for ideals a generated by monomials in an R-sequence,
Complete intersections (Acireale, 1983), 214-220, Lecture Notes in Math., 1092, Springer, Berlin, 1984.
[R] A. Rahimi, Relative Cohen-Macaulayness of bigraded modules, J. Algebra, 323(6), (2010), 1745-1757.
[Ra1] M. Rahro Zargar, Relative canonical modules and some duality results, Algebra Colloquium, 26(2), (2019),
351-360.
[Ra2] M. Rahro Zargar, On the relative Cohen-Macaulay modules, J. Algebra Appl., 14(3), (2015), 7 pp.
[Ra3] M. Rahro Zargar, Local cohomology modules and Gorenstein injectivity with respect to a semidualizing module,
Arch. Math. (Basel), 100(1), (2013), 25-34.
[RZ1] M. Rahro Zargar and H. Zakeri, On flat and Gorenstein flat dimensions of local cohomology modules, Canad.
Math. Bull., 59(2), (2016), 403-416.
[RZ2] M. Rahro Zargar and H. Zakeri, On injective and Gorenstein injective dimensions of local cohomology mod-
ules, Algebra Colloq., 22(1), (2015), 935-946.
[SV] T. Schmitt and W. Vogel, Note on set-theoretic intersections of subvarieties of projective space, Math. Ann.,
245(3), (1979), 247-253.
[SZ] R.Y. Sharp and H. Zakeri, Modules of generalized fractions, Mathematika, 29(1), (1982), 32-41.
K. Divaani-Aazar, Department of Mathematics, Alzahra University, Vanak, Post Code 19834, Tehran,
Iran-and-School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-
5746, Tehran, Iran.
E-mail address: kdivaani@ipm.ir
A. Ghanbari Doust, Faculty of Mathematical Sciences and Computer, Kharazmi University, Tehran,
Iran.
E-mail address: fahimeghanbary@yahoo.com
M. Tousi, Department of Mathematics, Shahid Beheshti University, G.C., Tehran, Iran-and-School
of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-5746, Tehran,
Iran.
E-mail address: mtousi@ipm.ir
H. Zakeri, Faculty of Mathematical Sciences and Computer, Kharazmi University, Tehran, Iran.
E-mail address: hoszakeri@gmail.com
